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**And Now For Something Completely Different*,

* שקף עם כותרת זו יישמש להדגשת המעבר בין חלקים שונים בקורס .מי שהלך קצת לאיבוד ,זו הזדמנות לקפוץ חזרה על הרכבת.
** אנו מזמינים אתכם לשלוח לנו הצעות לתמונות שיופיעו על שקפים אלו
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Numerical Computation
• Computing is extensively used to solve various numerical
problems, mostly in the fields of engineering, physical
sciences and life sciences (but not only there).
• For example: computing values of functions, solving
equations, evaluating integrals and more.
• Such problems often involve the Reals (ℝ). As you already
know, representing real numbers in the floating point
method has accuracy limitations.
• Therefore, we may have to settle for approximated solutions,
rather than exact ones (this is still better than nothing,
right?)
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Numerical Computation
• In this short module we show several examples for
algorithms that involve numerical approximation:
• Finding roots of functions (and numbers)
• Approximation for 𝜋
• Computing derivatives and integrals
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Example 1:
Finding Roots of Real-Valued Functions
• Suppose you are given a “black box” that computes a real
valued, single parameter function 𝑓 ∈ ℝ → ℝ.
• You are asked to find a root of 𝑓. Namely, a value 𝑎 such that
𝑓(𝑎) == 0 , or at least |𝑓(𝑎)| < 𝜖 for some small enough 𝜖.
• What can you do?
• Not much, we‘re afraid. Just go over points in some random
order, and hope to hit a root.
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Finding Roots – Take 2
• Suppose you are given a “black box” that computes a real
valued function 𝑓 ∈ ℝ → ℝ
• You are asked to find a root of 𝑓. Namely, a value 𝑎 such that
𝑓(𝑎) == 0 , or at least |𝑓(𝑎)| < 𝜖 for a small enough 𝜖.
• On top of this, you are told that 𝑓 is continuous, and you are
given two values, 𝐿 and 𝑈, such that
𝑓(𝐿) < 0 < 𝑓(𝑈).
• What can you do now?
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Some “Hedva” at Our Aid
• The intermediate value theorem (1st year calculus):
If 𝑓 is a continuous real valued function, and
𝑓(𝐿) < 0 < 𝑓(𝑈) for some 𝐿 < 𝑈,
then there exists an “intermediate value” 𝐶 , such that
𝐿 < 𝐶 < 𝑈 and 𝑓(𝐶) = 0.
• There could be more than one such root, but the theorem guarantees
that at least one exists.

For example, in this figure, 𝑓(−4) < 0 < 𝑓(8),
so there is a −4 < 𝐶 < 8, such that 𝑓(𝐶) = 0
(in fact there are three such 𝐶's)
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Root Finding using “Bisection Method”
• Suppose 𝑓 is a continuous real valued function, and
𝑓(𝐿) < 0 < 𝑓(𝑈) for some 𝐿 < 𝑈.
Find-root(f, L, U, 𝜖)
 Compute M = (L+U)/2
 If f(M)< 𝜖 then declare M as a “root” of f
 elif f(M)<0 then by the intermediate value theorem, there is a root of f
in the open interval ((L+U)/2, U)
 else (f(M)>0) then by the intermediate value theorem, there is a root of
f in the open interval (L, (L+U)/2)

• By performing binary search on the interval [𝐿, 𝑈], we cut it
in half each iteration.
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Termination
• Causes for termination:
Declaring a “root” (that is some 𝑐 such that 𝑓 𝑐 < 𝜖)
Search interval is too small for floating point limited
precision (L=M or M=U)

• The second issue hasn’t occurred when we did binary search
on a discrete range of integers (list indices)
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Tolerance
• Causes for termination:
Declaring a “root” (that is some 𝑐 such that 𝑓 𝑐 < 𝜖)
Search interval is too small for floating point limited
precision (L=M or M=U)
We may also want to limit the number of iterations
allowed. Note, that after 𝑁 iterations, the current
𝑈−𝐿
midpoint is at distance at most 𝑁+1 from a root.
2
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The Code
def root(f, L, U, EPS=10**-10, TOL=100):
""" eps: epsilon = distance of f from 0.0 to declare root
TOL: tolerance = number of iterations allowed """

for i in range(TOL):
M = (L+U)/2
fM = f(M)

Time complexity: 𝑂(𝑇𝑂𝐿)

if abs(fM) < EPS:
print("Found an approximated root")
return M
elif not L < M < U:
print("Search interval too small")
return None
elif fM < 0:
L = M # continue search in upper half
else: # fM > 0
U = M # continue search in lower half
print("No root found in", TOL, "iterations")
return None
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Some Executions
• Successful run
>>> root(lambda x:x**2-4, 0.0, 3.0)

• Not enough tolerance example
>>> root(lambda x:x**2-4, 0.0, 3.0, TOL=10)

• Interval too small. Takes 53 iterations. A case where L<M=U
Note the EPS=0, no chance to find root even with infinite
tolerance
>>> root(lambda x:x**2-4, 0.0, 3.0, EPS=0.0)
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From Roots of Functions
to Roots of numbers
• Can you think of a way to approximate 2
using what’s we’ve just learned?
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Transcendental Number
(for reference only)
• Can you similarly approximate 𝜋?
• Unfortunately not: 𝜋 is a transcendental number,
namely it is not a root of any polynomial with rational
coefficients.
– All transcendental numbers are irrational numbers, but the
converse is not true: not all irrational numbers are
transcendental. For example, 2 is an irrational number, but it
is not a transcendental number as it is a root of the polynomial
equation 𝑥 2 − 2 = 0.
14

Example 2: Estimating π
(not via roots of functions)
• Randomly choose points (𝑥, 𝑦) in
the unit square (0 ≤ 𝑥, 𝑦 ≤ 1)
• Count what ratio of them are
located inside the quarter circle of
radius 1 centered in the origin.
• The ratio is the area of the quarter
circle (𝜋/4) divided by the area of
the square (1).

= 𝜋/4

Figure taken from
http://mathfaculty.fullerton.edu
/mathews/n2003/montecarlopi
mod.html
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Estimating π in Python
import random
def estimate_Pi(sample_size=1000):
count=0
for n in range(sample_size):
x = random.random()
y = random.random()
if x**2 + y**2 <= 1.0:
count += 1
return 4*count/sample_size

>>> estimatePi()
3.156
>>> estimatePi(100000)
3.12864
>>> estimatePi(10**8)
3.14175412 #took about a minute

>>> import math
>>> math.pi
3.141592653589793
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Monte Carlo Experiments
• From Wikipedia: Monte Carlo methods (or Monte Carlo experiments) are a broad
class of computational algorithms that rely on repeated random sampling to obtain
numerical results.
They are often used in physical and mathematical problems and are most useful when
it is difficult or impossible to use other mathematical methods.

• The name "Monte Carlo'' was coined by Nicholas Constantine Metropolis (19151999) and inspired by Stanslaw Ulam (1909-1986), because of the similarity of
statistical simulation to games of chance, and because Monte Carlo is a center for
gambling and games of chance.
(http://mathfaculty.fullerton.edu/mathews/n2003/montecarlopimod.html )
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Example 3: Numerical Derivative
• The derivative of a real-valued function 𝑓 at point 𝑥 is defined
by:

f ( x  h)  f ( x )
f '  x   lim
h 0
h

ℎ→0

drawings from Wikipedia
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A Note on High-Order Functions
• In mathematics and computer science, a higher-order function is
a function that does at least one of the following:
1) takes one or more functions as arguments
2) returns a function as its result
• Note the difference between calling functions and operating on
functions as data
• Functions that operate on numbers, strings, lists etc. are termed
first-order functions.
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Numerical Derivative
• We want to define a Python function diff that receives a function 𝑓 as
its input argument and produces the function 𝑓’ (the derivative of 𝑓 )
as its returned value.
• So, this diff is a “high order function''. For Python this is nothing
unusual.
• We cannot compute the limit as ℎ → 0, so we compute the value at
some small ℎ.

f '  x   lim
h 0
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f ( x  h)  f ( x )
h

def diff(f, h=0.001):
""" Returns the derivative of a
one parameter real valued function f.
when h not specified, default h=0.001 used
"""
return (lambda x: (f(x+h)-f(x))/h)

Executions
• On input 𝑓, diff(𝑓 ) returns another Python function.
• This new functions is a numeric approximation to the derivative of 𝑓.
>>> diff(lambda x: x**3)
# derivative of f(x)=x**3
<function <lambda > at 0x300d978 > # outcome of diff

>>> diff(lambda x: x**3)(5) # apply the resulting
75.01500100002545
function to 5

• Of course, we could also define lambda x: x**3 as a “regular”
function:
>>> def cube(x):
return x**3
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>>> diff(cube)(5)
75.01500100002545

Bad Approximations
• So far, we assumed that ℎ = 0.001 is small enough for our needs.
• This may be OK in most cases, but for highly variable functions, the
outcome may be very inaccurate.
• As a specific (and somewhat artificial) example, consider the
function 𝑓 𝑥 = 𝑠𝑖𝑛(106 ∙ 𝑥).
• Its derivative is 𝑓 ′ 𝑥 = 106 ⋅ 𝑐𝑜𝑠(106 ∙ 𝑥). So at 𝑥 = 0 its value is
106 ⋅ 𝑐os(0) = 106.
def sin_by_million(x):
return math.sin(10**6*x)
>>> diff(sin_by_million)(0)
826.8795405320026 #???

• diff(sin_by_million)(0) should be approximately 106 !!
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Higher Resolution
• We can try a smaller ℎ, hopefully resulting in better
approximation.
>>> diff(sin_by_million)(0)
826.8795405320026 # no h specified - default h used
>>> diff(sin_by_million, h=0.001)(0)
826.8795405320026 # parameter equals the default h

>>> diff(sin_by_million, h=0.00001)(0)
-54402.11108893698 # smaller and smaller h
>>> diff(sin_by_million, h=0.0000001)(0)
998334.1664682814 # better and better accuracy for derivative
>>> diff(sin_by_million, h=0.000000001)(0)
999999.8333333416
>>> diff(sin_by_million, h=0.000000000001)(0)
999999.9999998333 # indeed close to 1000000, as expected
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Too High Resolution
• However, recall that real numbers (type float in Python) have
a limit on accuracy. An ℎ that is too small may result in
division by 0 error:
>>> diff(sin_by_million, h=0.000000000001)(0)
999999.9999998333 # indeed close to 1000000, as expected

>>> diff(sin_by_million, h=2**-1074)(0)
1000000.0

>>> diff(sin_by_million, h=2**-1075)(0)
Traceback (most recent call last):
...
ZeroDivisionError: float division by zero
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Numeric vs. Symbolic Differentiation
def penta(x):
return x**5

>>> diff(penta, h=0.0000001)(2)
80.0000078982066
>>> diff(penta, h=0.00000000001)(2)
80.00000661922968 # a bitmore precise
>>> (lambda x: 5*x**4)(2) # the symbolic derivative
80 # 5*2**4=80, full precision!

• penta(x)=x5, so the derivative should produce the function 5x4.
• The diff function we defined is numerical. It transforms a
"numeric'' function into a different "numeric'' function.
• It is very different from symbolic differentiation, alluded to
above.
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Symbolic Differentiation
• We may prefer having a function like this
>>> symbolic_diff(representation of x**5)
Representation of 5*x**4

• The computation should follow the basic rules of derivatives
• derivative of a constant, polynomials, sum of functions, ….

• For this, we need to decide
 how to represent functions symbolically?
 which functions to include?
• polynomials, exponents, log, trigonometric
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More on Symbolic Differentiation
• Symbolic differentiation thus becomes a question of manipulating
strings.
• There are additional issues tackled in any Computer Algebra package
(e.g. Sage, Maple, or Mathematica), such as symbolic integration,
polynomial factorization, or expression simplification (e.g. replacing
𝑥 + 𝑥2 + 𝑥 + 2𝑥2 by 2𝑥 + 3𝑥2). Many of these issues involve deep
algorithmic and mathematical understanding.
• We will not develop code for symbolic differentiation, or any of the
other tasks .We may get back to this issue in the future.
• But for now, we'll just show a screenshot from Sage, a free, opensource, symbolic mathematics software system. Incidentally, it has a
Python based interface.
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Symbolic Mathematics in Sage :
Sample screenshot

29

Sage (and other symbolic mathematics packages, like Maple,
Mathematica, etc.) are certainly capable of much more. These
capabilities are highly useful in diverse contexts.

Example 4: Definite Integrals
• Let 𝑓: ℝ → ℝ be a real-valued function.
• Under some mild conditions (e.g piecewise continuity), its
b

definite integral

 f ( x)dx
a

between points 𝑎, 𝑏 is defined
as the signed area between the
curve of 𝑓(𝑥) and the 𝑥-axis.
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drawing from Wikipedia

Approximating the Integral
b

• To approximate the definite integral  f ( x)dx
a
we consider a (small) value ℎ > 0, and look at the finite arithmetic
sequence of points, starting at 𝑎 , going up to 𝑏, with "jumps''
equal ℎ:

b  a 
a, a  h, a  2h,K.a  ih, K , a  
h

 h 

http://spiff.rit.edu/classes/phys317/lectures/num_integ.html
Copyright © Michael Richmond

𝑎

𝑏

• For each such point, the area of the width ℎ rectangle,
bounded between the 𝑥-axis and the function 𝑓(𝑥) at
point 𝑎 + 𝑖 ⋅ ℎ, equals ℎ ∙ 𝑓(𝑎 + 𝑖 ⋅ ℎ).
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Approximating the Integral, cont.
• Summing all these “rectangle terms'', we get the expression


b  a  
hf (a )  hf (a  h)  K.  hf (a  ih)  K  hf  a  
h

 h  


h

b  a / h 



f (a  ih)

i 0

• These are called “Riemann sums'' and converge as ℎ → 0 to the
definite integral.
• As was the case with the derivative, we will not deal with the
limit process, but instead take a small, albeit fixed, value for ℎ.
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The Integral as a High-Order Function
• Our input will be a real valued function, 𝑓.
• We want to return as the output another function, the
definite integral, whose input is two endpoints 𝑎, 𝑏 of an
interval, and whose output is an approximation to the
b
definite integral
 f ( x)dx
a

• The approximation will be computed by taking the Rieman
sums with the parameter ℎ.
• Remarks: This parameter ℎ can obviously be changed at
will. Furthermore, the use of default parameter's value to
control the precision, like we did with the derivative, is
possible and even desirable.
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Python Code: The Integral as a High Order Function
def integral(f, h=0.001):
""" definite integral (function of a, b) """
return lambda a,b:
\
h * sum(f(a+i*h) \
for i in range(0, int((b-a)/h )))
# \ (backslash) denotes explicit line continuation

def square(x):
return x**2
>>> integral(square)(0, 1)
1

1

1

0.33283349999999995 # should be 13 − 03 =
3
3
3
>>> integral(diff(square))(0 ,2)
3.9999999999996643
# should be 4
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Size of Intervals, h
• The question of what values of ℎ to take in order to
guarantee that the resulting approximation is within a
desired precision is dependent
•
•
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on properties of 𝑓 (like the extreme values of its slope within the
interval [a,b])
on the exact behavior of precision error in floating point
representation

Interested in hearing more?
• You'd have to take a Numerical Analysis
course (where algorithms that use
numerical approximation for the problems
of mathematical analysis are studied).
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