


Reminder — Solving with Recursion

* We solve recursion by three steps:
1. Base case: define the solution for the simplest/trivial sub-
problems.

2. Recursive step(s): define the sub-problems, that when solved
— will solve the

3. Recursive solution: Solving the problem by using the sub-
solution(s).
* We analyze complexity using a recursion-tree.

e Assume the tree-size is T" and each node does k ‘work’:
< SolutionComplexity < T - k

e Or using other ways to measure it.



Binom

* Denote with ( ) the number of subsets sized , from a set
sized
* Formally: (’;) = |{S | |S| =k,S € {1,2, ,n}}|
e Recursive solution?

* Pascal’s ldentity: _q 1
()z( —1)+( )
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* Interpretation:



. . def . (n, k):
Binom — Solution if n <@ ork n < ks

return © # as these are 'undefined' inputs

it k 0 k n:
return 1 # can only get a single subset

* OUtDUt: (;D return (n-1, k-1) (n-1, k)
@ Base cases:

e Input:n,k € N

© Recursive steps: when k > 0

1

binom(n — 1,k — 1) with

binom(n — 1, k) without



def binom(n, k):

: ifn<0Oor k<®©orn«<k:
Blnom - SOI.]. Rec. Tree return @ # as these are 'undefined' inputs

if k == @ or k == n:

binom(4,2) return 1 # can only get a single subset

return (n-1, k-1) + (n-1, k)
‘ n=4kK=2
e o4
n=3,k=1 n=3,k=2
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Binom — Sol. 1 Complexity
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Binom Complexity — Another approach
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Memoization
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Binom + Memoization = fast_binom

def binom_fast(n, k): # Envelope function

d = {}
return (n, k, d)

def binom(n, k):
ifn<0Oork<®©ornc«<k:
return 0
if k == @ or k == n:
return 1

def binom_fast mem(n, k, d): # Recursive function
ifn<0Oork<®©0ornc«<Kk:
return 0
if k == @ or k == n:
return 1

return (n-1, k-1) + (n-1, k)

if (n, k) not in d:
# in case we did *not* already calculate it:
d[(n: k)] - (n_l) K, d) + \
(n-1, k-1, d)

return d[(n, k)]

We can sometimes
skip recursive calls!
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Binom + Memoization = fast_binom i mat

memory)

def binom(n, k):
if n <0 or k <
return 0
if k == or k
return 1

return (n-1, k-1) +

(n=1; k)

def binom_fast(n, k): # Envelope function
mat = [[-1 for i in range(k+1)] for j in range(n+1)]
return (n, k, mat)

def _binom_fast mem(n, k, mat): # Recursive function
ifn<Oork«<®©9ornc«<k:
return 0
iy [R ==
return 1

if mat[n][k] == -1:
# -1 means entry was *not* updated
mat[n][k] = (n-1, k, mat) + \
(n-1, k-1, mat)

return mat[n][k]
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Binom — Sol.2 (w/ mem) Rec. Tree -
fast_binom(4,2) (1=2, k=1)

n=3, k=1
def _binom_fast _mem(n, k, d): # Recursive function

( )
ifn<0@or k<®@ornc«< k: (n:3'k:2)
( )

return 0 — —
if k == @ or k == n: n—4, k_z

return 1
if (n, k) not in d:
# in case we did *not* already calculate it:
d[(n, k)] = (n—1, k, d) + \
fa em(n-1, k-1, d)

return d[(n, k)]

n=2,k=2
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Binom — Sol.2 (w/ mem) Complexity
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Binom — Sol.2 (w/ mem) Complexity
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Binom — Sol.2 (w/ mem) Complexity

e Each cell will be visited < 2 times.

* Each cell requires a constant work—0(1).
e The number of cells is <= nk.

 QOverall complexity:

e Num. of visited cells X Num. of visits per cell X time per cell visit
n
* O(n-k) «o(22)
w/0 mem.
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N Queens Puzzle

* How many ways are there to

nlace N queens on a chess
noard of NXN.

e Such that no two queens
threaten each other.
l.e., Queens can’t share a
row/column/diagonal.

* All queens are identical to us.

* [nput: N
* Qutput: # ways.
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N Queens — Solution ATTEMPT #1

* Input: N € N, partial = [LocOfQueenl, ..., LocOfQueenkK]|
e Qutput: # of ways to place the queens, after fixing k queens.

€ Base cases:
invalid
_:=
ol Qutput: 1
© Recursive steps:

- _ z nqueens(N, partial + [LocOfQueen{k + 1}])

LocOfQueen k+1}

?fromn — k possi /e/ocat/ons INI7192 N0 N9 wenmyYwnl 0Nt
'WB}DN 119'Y

.NR-1n? YU YW Niniao



NniNan :nia72nn N nwwa

PNINN NTINVA NN 227 M NID72Nn NN2D e
JDNX PI'TA Nwun? ©

Y THhN Ntuan 119ty ¢

nipm oy partial nnwl N :07p e
JNNIYWNIN NITNUN k-2 Nia7nn

,N'MN2IN NTINYA NAIY DIR'M D'V N'01Ip'N TUX 702 0NTe
(NIY NTINU? NN TUX 723 13) 0'NAN DITUND TN 210 K7W

ATINVA 1NW93 DI Ry navn nann DTA2WIN e
ANTINYA DMINMN 22 YU DNV, NNANN




N Queens — Solution

* Input: N € N, partial = [LocOfQueenl, ..., LocOfQueenkK]|
e Qutput: # of ways to place the queens, after fixing k queens.

€ Base cases:

Output: 1

© Recursive steps:

- z nqueens(N, partial + [LocOfQueen{k + 1}])

LocOf ueen{k+1}

fromn — p0551ble locations in the next column

vaI|d



N Queens — Implementation Details

* Input: N € N, partial = [LocOfQueenl, ..., LocOf QueenK]
* Qutput: # of ways to place the queens, after fixing kK queens.

* Representing partial
* Matrix?
* We can present partial as a list of integers, each one from {1,2, ..., N}.
* Since each queen has ‘its own’ column.
* Each partialli], represents the row in which the queen in column i is located.

* Finding the (in)valid locations in the next column:

e Columns check: Is not required (part of our solution).
* Rows check: by checking in partial.
e Diagonals:

e ‘upwards’ diagonals: by summing indices.

* ‘downwards’ diagonals: by subtracting indices.



N Queens — Validity of partial

* Verifying the a given partial is valid:
e Columns check: Is not required (part of our solution).
* Rows check: by checking in partial.
e Diagonals:

def is_valid(partial, new_q_row):
e ‘upwards’ diagonals: L :
’ Given partial 1list of queen-locations,
o by'surnrning indices. . returns where the addition of "new_row in next column is valid.
* ‘downwards’ diagonals: g_col = (partial) # the inspected column
* by subtracting indices. q_col, qg_row in (partial):

# Row check:
if g_row == new_q_row:

return

# Upwards Diagonal check:
if (gq_col + g_row) == (new_g_col + new_q_row):
return

# Dowanwards Diagonal check:
if (gq_row - g_col) == (new_g_row - new_q_col):

return

return




N Queens — Implementation

def queens(n):
"""how many ways to place n queens on an nXn board?"""
partial = [] # list representing partial placement of queens

return (n, partial)

def queens_rec(n, partial):
. ven a list representing "partial® placement of queens,
can we legally extend it?"""

if (partial) == n: # all n queens are placed legally
return 1

cnt = 0
for new_qg_row in (n):
# Try to place a queen in the next column (i.e., len(partial)),
# in row new g _row
if (partial, new_q_row):
cnt += (n, partial + [new_qg_row])
return cnt




N Queens — Analyzing Complexity
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N Queens — Analyzing Complexity
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def pairs perms(n):
return pairs perms rec([-1 for i in range(n)])

n'Y0IN191 "0"no nmim" —1-1 noa
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if_—1 not in perm ’ NXXINYT NP NN 7NNNAL TV V'9IN K7 M 2172

[perm] . __:nwmvvwoin K79 element 12t 7Y
unseen = [i for i in range(len(perm)) if i not in perm] m 125N [IUKRIN 11'N7 element I'2 q'L’n] *
N'INTN NN'YA7 AXRXIND NN 9'0111 N'A'0NIPY D'7wa @

N'INTN NA'YIN DX 1'TN)

def pairs perms rec(perm):

return

tmp = []

for element in unseen:

first = unseen[0]
C perm = perm]|:]
c perm[first] = element
c perm[element] = first

tmp += palrs perms rec (c_perm)

return tmp
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